Abstract. Let R n + be the standard closed positive cone in R n and let Γ(R n + ) be the set of integers p ≥ 1 for which there exists a continuous, order preserving, subhomogeneous map f : R n + → R n + , which has a periodic point with period p. It has been shown by Akian, Gaubert, Lemmens, and Nussbaum that Γ(R n + ) is contained in the set B(n) consisting of those p ≥ 1 for which there exist integers q 1 and q 2 such that p = q 1 q 2 , 1 ≤ q 1 ≤ n m , and 1 ≤ q 2 ≤ m m/2 for some 1 ≤ m ≤ n. This note shows that Γ(R n + ) = B(n) for all n ≥ 1.
Introduction
Let K be a polyhedral cone in a finite dimensional real vector space equipped with the norm topology and let f : K → K be a continuous map that preserves the ordering induced by K. Suppose, in addition, that f : K → K is subhomogeneous, that is, λf (x) ≤ f (λx) for all 0 ≤ λ ≤ 1 and x ∈ K. It was proved by Akian et al. [ 2, Theorem 2.1] that every bounded orbit of f : K → K converges to a periodic orbit and, moreover, that the period of each periodic point of f is bounded by (1) β N = max for some 1 ≤ m ≤ n. As R n + has n facets, we thus have the following inclusions:
It has been shown in [2, Section 7] that the largest element of A(n) has the same asymptotics as β n in (1), which is the largest element of B(n). Knowing these facts it is natural to ask if one could completely determine the finite set Γ(R Before going into the details of the proof it is useful to recall several definitions. Let X be a finite dimensional real topological vector space. A subset K of X is called a closed cone if it is a closed convex subset of X such that λK ⊂ K for all λ ≥ 0 and
In other words, K is the intersection of finitely many closed halfspaces. A face of a polyhedral cone is a set of the form
face is the dimension of its linear span and is denoted by dim(F ).
The minimal such p ≥ 1 is said to be the period of x under f .
Maps that are order preserving and subhomogeneous arise in various areas of mathematics, including the theory of discrete event systems [3, 5] , optimal control and game theory [1] , idempotent analysis [8] , nonlinear Perron-Frobenius theory [4, 12] , and in the analysis of monotone dynamical systems [6, 7, 9, 11, 12, 13] . A particularly interesting class of continuous, order preserving, homogeneous maps on the standard positive cone are the so-called min-max maps. To define this class of maps it is convenient to first introduce the following notation: for a, b ∈ R we write a ∧ b to denote min{a, b} and a ∨ b to denote max{a, b}. A min-max map f : R given by
It is easy to verify that x = (1, 2, 0) is a periodic point of f with period 4. We shall use the min-max maps to prove the equality Γ(R n + ) = B(n) by exhibiting for each p ∈ B(n) a min-max map on R n + with a periodic point of period p.
Proof of the equality
Having recalled these definitions we now prove the result of this note. for some 1 ≤ m ≤ n. We need to construct a continuous, order preserving, subhomogeneous map f : R 
Indeed, one can check that g(w k ) = w k+1 for all 1 ≤ k ≤ q 2 . The idea is to copy the points w 1 , . . . , w q 2 into q 1 distinct parts of the cone R n + and subsequently to define a min-max map f : R n + → R n + that cycles through the q 1 q 2 points. To do this we first select q 1 distinct subsets I a of {1, . . . , n} of size m. Each set I a corresponds to a part P a of the cone R n + by defining P a = {x ∈ R n + : x i = 0 if and only if i ∈ I a }. Now we copy the set {w 1 , . . . , w q 2 } into each of the q 1 parts P a by inserting zero coordinates in the correct places. To do this formally it is convenient to introduce the following function. For 1 ≤ a ≤ q 1 and 1 ≤ k ≤ m let ν(a, k) be the index of the kth nonzero coordinate of the elements of P a . So for each 1 ≤ a ≤ q 1 we define the copying function η a :
By applying the functions η a to the set {w 1 , . . . , w q 2 } we obtain p = q 1 q 2 distinct points in R 
As f is a min-max map, it is continous, order preserving, and homogeneous. To see that (2) holds for f , we remark that j∈I k 2y by using different min-max functions. In fact the only restriction on the periodic orbit is that if two of its points are in the same part of the cone, then their images should also be contained in a single part of the cone.
